In this work a general closure for the conductive electron heat flux parallel to an inhomogeneous magnetic field is derived and examined. Free-streaming and collisional effects are present in the drift kinetic equation which is solved using an expansion of eigenfunctions of the bounce-averaged, pitch-angle scattering operator. For bounce times short compared to transit and collision times, the subsequent heat flow closure takes the form of an integral operator acting on electron temperature variations along magnetic field lines. The general closure agrees qualitatively with previous forms for the heat flux in homogeneous magnetic geometry and importantly, predicts a substantial reduction in the heat flow due to the trapping of particles in magnetic wells and the enhanced effect of collisions near the trapped/passing particle boundary.
I. INTRODUCTION
Recently, a theory for the conduction of electron heat along magnetic field lines that allows for arbitrary collisionality has been developed. 1 This paper presents an important extension of this theory by setting forth a parallel heat flux closure scheme that allows for more general magnetic geometry. This includes the important case of helical magnetic islands growing in axisymmetric toroidal equilibria of arbitrary aspect ratio and shaping. Such a closure is relevant to numerical simulations of electron temperature evolution in magnetized plasmas where transit and collision times are long compared to bounce times. Specifically, this closure provides a quantitative means for calculating parallel electron heat transport in the presence of evolving magnetic islands or in plasmas confined by chaotic magnetic fields. The latter is of interest not only in magnetized fusion plasmas but also in astrophysical plasmas where the reduction due to charged particle trapping significantly slows electron heat transport in galaxy cluster cooling flows. 2 In kinetic studies of mass and heat flow, a dominant collisional mechanism involves the scattering of a particle's parallel velocity in pitch-angle, ϭv ʈ /v. It is the asymmetries in pitch-angle space that yield finite mass and heat flow moments. Intimately connected with the scattering of directed momentum is the variation in ͉B͉ that a charged particle sees as it travels along a magnetic field line. These variations act to accelerate particles parallel to field lines while to lowest order preserving their energy and magnetic moment. In strongly inhomogeneous fields, the mirror force traps a substantial fraction of particles, thereby reducing the number that can contribute to parallel heat flow. In addition, collisions between trapped and passing electrons further reduces heat flow in collisional and moderately collisional regimes. We present a general form for the parallel electron heat flux closure that embodies both of these effects.
In this paper, a variation of neoclassical transport theory 3, 4 is employed in a derivation of the parallel electron heat flow, q ʈ , which may be used to close the electron temperature equation. In the interest of generality, the desired closure allows for the following: ͑i͒ multiple scale lengths parallel to the magnetic field including short scale magnetic mirroring and long scale electron temperature gradients; ͑ii͒ general magnetic geometry allowing for helical magnetic islands embedded in axisymmetric toroidal equilibria possessing arbitrary aspect ratio and shaping; ͑iii͒ arbitrary ordering of bounce-averaged free-streaming and pitch-angle scattering effects.
In Sec. II, a multiple-scale-length expansion along magnetic field lines is introduced and a bounce-averaged equation for the distribution function that yields the lowest-order contribution to the parallel heat flux is derived. In Sec. III the pitch-angle dependence of this equation is handled by expanding in a set of orthogonal basis functions. In Sec. IV we solve for the heat flow and in Sec. V we present an example of parallel heat flow reduction due to particle trapping and collisions in sinusoidal magnetic wells. The results are summarized in Sec. VI.
II. ELECTRON DRIFT KINETIC EQUATION
We begin by stating the gyroaveraged or drift kinetic equation, 5 ‫ץ‬ f ‫ץ‬t
Here v is the speed coordinate, v ʈ and v D are the parallel and perpendicular components of the guiding center motion, and is the magnetic moment. The collision operator, C( f ), represents binary, collisional scattering events.
For a general parallel heat flux closure, we seek an ordering scheme that is valid for general magnetic geometry. In the interest of identifying the dominant parallel freestreaming and collisional physics, we require that v ʈ •" ϳC( f )ӷv D •", and order the remaining terms in Eq. ͑1͒ with v D •". The result of ignoring drift, time-dependent and acceleration effects is the deceptively simple, lowest order kinetic equation,
This equation captures the dominant physics of parallel electron dynamics in plasmas confined by slowly evolving, spatially inhomogeneous ͑with regards to the parallel direction͒ magnetic fields. In order to solve Eq. ͑2͒, we introduce a multiple scale length expansion along the magnetic field by defining
This ordering takes into account the longer scale length, L, associated with parallel electron temperature gradients and the short mirroring scale length, l, set by the variations in ͉B͉. In terms of a helical magnetic island in a large aspect ratio tokamak, lϭqR and LϭqR/qЈw refer to the parallel scale lengths associated with the equilibrium and island, respectively; hence, ⌬ϳl/LϳqЈwӶ1. Here q and qЈ are the safety factor and its radial derivative and w is the island width. In terms of time scales, this ordering represents the ratio of the transit time across one period in ͉B͉ to the time needed to circumnavigate the magnetic island. For generality, we will order C( f )ϳv ʈ •" L , hence the kinetic equation of interest becomes
In order to solve Eq. ͑4͒, we posit the following Chapman-Enskog-type ansatz 6, 7 for the distribution function:
where the density, temperature, and kinetic distortion, F, are expanded as
Here v represents suitable guiding center coordinates which will be chosen later and n eq and T eq are spatially uniform. Writing f M 0 as the combined equilibrium and lowest order perturbed Maxwellian,
v th 3 )exp(Ϫv 2 /v th 2 ) and the electron thermal speed, v th ϭͱ2T eq /m. The form given for f M 0 assumes that the equilibrium Maxwellian is nearly stationary such that the variable v represents the random guiding center speed and the macroscopic flows satisfy V/v th ϳ⌬ 2 . For simplicity the M subscript will be dropped from the Maxwellian portion of the distribution function.
To order ⌬ 0 we obtain
which has the solution
where
2 /v th 2 are Laguerre polynomials. Note that the integration constant, g 0 , does not depend on l, the distance along a field line within a single magnetic mirror. In Chapman-Enskog theory we require that the density and temperature moments of F 0 vanish; hence
and
That n e 0 and T e 0 are independent of l shows that the ordering scheme produces the intuitive result that the rapid bounce motion smooths out the lowest order perturbed density and temperature over the scale length, l.
To order ⌬ 1 we obtain,
In accordance with neoclassical theory, we solve this equation by eliminating the electron bounce motion timescale present in the operator, v ʈ •" l . Assuming a single minimum and maximum in ͉B͉, we use the following averaging operators for trapped and passing particles, respectively:
These operators annihilate the v ʈ •" l operator by integrating over closed, periodic orbits for trapped particles and open orbits for passing particles. Application of this annihilator yields
where ϭ1 and 0 for passing and trapped particles, respectively, and ͓ ͔ implies a bounce-averaged quantity. Note that bounce-averaging also annihilates the v ʈ •" L for trapped electrons since they travel both parallel and antiparallel to gradients in F 0 in completing their periodic orbits. In the next two sections, the collision operator is specified and Eq. ͑18͒ is solved.
III. COLLISION OPERATOR AND EIGENFUNCTION EXPANSION
A dominant collisional mechanism in studies of plasma heat flow is the scattering of directed momentum due to multiple small-angle Coulomb collisions. With this in mind, we introduce the following form for the linearized collision operator:
where the Lorentz scattering operator, converted from spherical velocity space to the pitch-angle-type variable, ϵϮͱ1ϪB 0 /E, is given by
Here Eϭmv 2 /2 is the electron kinetic energy and B 0 is the minimum magnetic field that an electron sees as it travels along a field line. The variable varies from 0 for a particle with v ʈ ϭ0 to Ϯ1 for a particle with no magnetic moment. The collision frequency, may approximately be written as
where Z eff ϭ͚ j n ij Z j 2 /͚ j n ij Z is summed over all ion species, ⌽ is the error function and Gϵ(v th /v) 2 (⌽Ϫ(v/v th )⌽Ј)/2, is a function first introduced by Chandrasekhar. 8 Note that although G is singular at v/v th ϭ0, it will not compromise the behavior of the desired heat flow expression since it will appear in the form, exp͓Ϫ( ee v th 3 /2v 4 )͉GL͉͔. The reference collision frequency is e j ϭ4n j0 e 2 e j 2 ln ⌳ e j /͑m e 2 v th 3 ͒. ͑22͒
Note we have assumed that the momentum restoring terms often added to C e, j are small. Recall that the ordering V/v th ϳ⌬ 2 has already been assumed; thus our pitch-angle scattering operator conserves momentum only to order V/v th . Note also that the addition of a model energy diffusion term would improve the accuracy of the simplified, pitch-angle collision operator used in this work. Such improvement is desirable in the collisional limit where more accurate knowledge of the speed dependence of F is needed to make experimental predictions.
In terms of the variable , Eq. ͑18͒ becomes ‫ץ‬ ‫ץ‬
for the trapped electron distribution, F t , and
for the passing electron distribution, F p . Here t ϭϮͱ1Ϫ(B 0 /B) and
for passing particles, for example. Note that Eq. ͑24͒ is complicated by the fact that it is not separable in the pitch-angle variable due the free-streaming term. This is in contrast to the analogous equation of equilibrium neoclassical transport theory. 3, 4 A common approach to solving Eqs. ͑23͒ and ͑24͒ is to ignore collisions except near the trapped/passing boundary where they dominate for times short compared to the collision time. The collision operator may then be simplified and integrated directly in the boundary layer and the solution matched to that of the outer region where collisions are ignored. 9 Such an approach is not appropriate, however, for time scales longer than the collision time where the effect of the Lorentz operator is felt over all of pitch-angle space. Such is the case when deriving a heat flux closure for electrons confined by a slowly evolving magnetic field. In the spirit of retaining as much of the physics of the Lorentz operator as possible, we solve Eqs. ͑23͒ and ͑24͒ by seeking solutions of the following eigenvalue equation:
The weight function, ͗vB/vʈB 0 ͘ϭ͗J/v 2 ͘ϭ͗"v•"␥ ϫ"/v 2 ͘, ensures orthogonality among the eigenfunctions C n with respect to the Jacobian, J, for the chosen guiding center variables, v, and the gyroangle, ␥. The bounceaveraged quantities in Eq. ͑26͒ are shown in Fig. 1 for B ϭB 0 (1ϩ⑀)/(1ϩ⑀ cos(2l/l 0 )) with ⑀ϭ0.20 and t ϭϪ0.58.
FIG. 1. Bounce averaged functions used in generating the eigenfunctions for
BϭB 0 (1ϩ⑀)/(1ϩ⑀ cos 2l/l 0 ) with ⑀ϭ0.20 and t ϭϪ0.58.
For trapped electrons, n ϭ0 and the eigenvalue equation may be integrated directly to yield boundary conditions for the C n at ϭϮ t , namely,
where c is a constant. The oddness of ‫ץ‬C n ‫ץ/‬ about ϭ0 implies that C n is even in trapped space. We infer from this that the odd basis functions needed to represent F p go to zero at ϭϮ t . Furthermore, it can be shown that the ratio /͗v ʈ B 0 /vB͘ diverges as ͉͉→0; hence it is necessary that the constant cϭ0 in Eq. ͑27͒ if ‫ץ‬C n ‫ץ/‬ is to remain bounded. The necessary result is that ‫ץ‬C n /‫ץ‬ϭ0 for Ϫ t рр t . In reality, this result does not hold near ϭϮ t , where the bounce average operation breaks down. Previous authors have shown that a proper boundary layer theory provides corrections of order, O(ͱ/v ʈ •" l ).
11 These corrections will be ignored in this work; hence the boundary conditions applied to C n at ϭϮ t are C n ϭ0, for n odd ͑28͒ and ‫ץ‬C n ‫ץ‬ ϭ0, for n even. ͑29͒
Note that these are the same boundary conditions applied at the origin when generating the odd and even Legendre polynomials which may be generated from the infinite-aspectratio limit of Eq. ͑26͒. As examples, Fig. 2 shows eigenfunctions pertaining to sinusoidal variations of the form BϭB 0 (1ϩ⑀)/(1 ϩ⑀ cos(2l/l 0 )) with ⑀ϭ0.20 and t ϭϪ0.58 and Fig. 3 shows them for ⑀ϭ0.40 and t ϭϪ0.76. The eigenfunctions were generated using a shooting method that matched the boundary conditions at Ϯ t by guessing the eigenvalue and integrating in from the exterior boundaries, ϭϮ1. The selfadjoint eigenvalue problem for the dependence in passing space and the requirement that F t ϭ0 provide for vanishing n and T moments of the kinetic distortion, F, an essential aspect of Chapman-Enskog theory ͓see the discussion surrounding Eqs. ͑13͒ and ͑14͔͒. We now expand F p in Eq. ͑24͒ in a finite set of pitchangle eigenfunctions, F p ϭ ͚ nϭ1 N F n (v,L)C n (), and write Fϭ͓F 1 ,F 2 , . . . ,F N ͔ as a column vector of coefficients. Inserting the expanded form for F p in Eq. ͑24͒, multiplying by C n Ј and integrating over the variable yields the following system of equations:
where the speed dependence v/ is stated explicitly. Here I is the identity matrix, A contains the ratios of the freestreaming coupling between the different eigenfunctions to the nth eigenvalue, and G is the projection of the Maxwellian drives onto the eigenfunctions. Equation ͑30͒ is solved in the next section in order to calculate an approximate parallel heat flux for transit and collisional times long compared to the bounce time.
IV. GENERALIZED HEAT FLUX
In this section a general heat flux is constructed and written in forms resembling that of Ref. 1 . The solution of the set of equations in Eq. ͑30͒ is straightforward. The eigenvectors and associated eigenvalues of the matrix A are first determined. Denoting W as the matrix containing the eigenvectors of A as columns, we can expand the vector of expansion coefficients as follows: FϭWh. Inserting this form for F into Eq. ͑30͒ and multiplying through by W À1 diagonalizes the system. The result is a set of first-order ordinary differential equations ͑ODEs͒ for the elements of h, namely,
where g i is the ith element of W À1 G and ␥ i is the eigenvalue associated with the ith column of W. In analogy with Ref. The domain in L is chosen to be (Ϫϱ,ϱ). The requirement of boundedness at Ϯϱ demands that the homogeneous solution to Eq. ͑31͒ be set to zero. The particular solution for the passing part of the distribution function is,
where the k i come in positive/negative pairs and the limits of integration are LЈ to ϱ for k i Ͼ0 and Ϫϱ to LЈ for k i Ͻ0.
The Landau damping and collisional effects present in the k i 's serve to truncate these integrals. The integral nature of F p results because we have allowed for arbitrary collisionality and necessarily F p is a function of the Maxwellian drives all along a magnetic field line. The form for F p may be simplified since the effective inverse collision lengths arise in positive and negative pairs, Ϯk i . Integration by parts yields the simple form,
In the case of a homogeneous magnetic field, Ref. 1 used the following definition of the parallel heat flow:
͑34͒
Analogously, we define an averaged q ʈ moment in the inhomogeneous case as
͑35͒
Orthogonality among the even and odd C n implies that q ʈ may be written simply as
The Maxwellian drive in the heat flow integral is
As in Ref. 1, the pressure drive will be ignored here. In traditional neoclassical transport theory, the p drive vanishes due to the orthogonality of Laguerre polynomials. Here the additional v dependence in the k i 's spoils this orthogonality.
We note further, that in a more complete Chapman-Enskog theory that rewrites the drives using the lowest-order moment equations, the pressure drive is absent.
In order to write a final form for q ʈ that is reminiscent of the form in Ref. 1, we interchange the order of the velocity space and field line integrations and define the kernel
where a i ϭ͉W 1i g i k i /␥ i ͉, such that
Here K(LЈ,L) contains the collisional and trapping information of a distribution of electrons as they scatter in pitch angle off a background Maxwellian plasma. The similar form of this general expression for the parallel heat flow with previous collisionless expressions 12, 13 was emphasized in Ref. 1 . It was also shown there that Eq. ͑39͒ reduces to the familiar form, q ʈ ϳ ʈ ٌ ʈ T, in the collisional limit.
14 It is important to note, however, that here the parallel conductivity, ʈ , is reduced by particle trapping and collisions near the trapped/ passing boundary. Furthermore, the nearly collisionless limit of Eq. ͑39͒ contains important corrections due to particle trapping that were absent in previous collisionless expressions for the parallel heat flow. These effects are highlighted in the next section.
V. SAMPLE CALCULATION
In this section, we return to the case of sinusoidal magnetic wells and explore the resultant parallel heat flow for sinusoidal temperature perturbations of scale length, L T ӷl 0 , namely,
͑40͒
Recall that the eigenfunctions for the case of BϭB 0 (1 ϩ⑀)/(1ϩ⑀ cos(2l/l 0 )) with ⑀ϭ0.2 and ⑀ϭ0.4 were presented in Figs. 2 and 3 . The orderings L T ϳL ӷl 0 , where L is the characteristic collision length, permit a study of the parallel heat flow response as collisionality is varied. Specifically, we will choose representative scale lengths for a helical magnetic island in an axisymmetric tokamak. If the length of magnetic wells is 1 m, then we require L T ϳL ӷ1 m for the expression in Eq. ͑39͒ to be valid. For 1 keV plasmas L Ϸ100 m; hence we let L T vary from 10 m, which is representative of temperature gradient scale lengths inside magnetic islands, to L T →ϱ, which is relevant near the X and O-points of a magnetic island.
In this demonstration, it is necessary to pick the number of basis functions in the pitch-angle basis function expansion in order to preserve the ordering Ӷv ʈ •" l . The reason for this is that the eigenvalues of the basis functions enter into the ordering in the following manner, n ӶL /l 0 . Care must be taken to choose enough basis functions in regimes of moderate to low collisionality to resolve the pitch-angle dependence of the distribution function, but not too many that the ordering which permits a bounce-average, namely, n ӶL /l 0 , is invalidated. For the results presented below, two basis functions were used to resolve the pitch-angle dependence of the kinetic distortion for L /L T р0.1 and four were used for L /L T у1.0 Figure 4 compares the heat flow at LЈϭ0 ͑left y-axis͒ for the cases of uniform and nonuniform magnetic fields. As the ratio of L /L T increases, the heat flow increases because electrons are more mobile and carry more heat. In the collisional limit (L /L T Ͻ0.01), the heat flow is proportional to the local temperature gradient as in the classical Braginskii analysis.
14 It is important to note, however, that in cases with an inhomogeneous magnetic field, we still require that the bounce time be short compared to the collision time. That is, we are exploring the effect of varying collisionality while always remaining in the familiar banana transport regime. In collisional to moderately collisional regimes (L /L T Ͻ1.0), the reduction in heat flow for the cases ⑀ϭ0.2 and ⑀ϭ0.4 is due to the combined effect of trapped electrons, which carry no heat over longer gradient scale lengths, and enhanced collisional effects near the trapped/passing boundary. In the nearly collisionless limit, the reduction in heat flow is due solely to trapped particles. Figure 4 also shows the fractional reduction ͑right y-axis͒ in heat flow between the inhomogeneous cases and homogeneous case as collisionality is varied. At L /L T р10, the reduction approaches the trapped particle fraction namely, 35% for ⑀ϭ0.2 and 50% for ⑀ϭ0.4. The enhanced collisionality between trapped and passing electrons is shown in the regime L /L T Ͻ1.0, where the larger reduction in the case of ⑀ϭ0.4 as compared to ⑀ϭ0.2 is evident.
VI. CONCLUSIONS
In this paper, a variation of neoclassical transport theory was used to derive the parallel electron heat flow closure in Eq. ͑39͒. This closure allows for multiple scale lengths parallel to the magnetic field including short scale magnetic mirroring and long scale electron temperature gradients. For times long compared to the bounce time, it is possible to preserve the maximal ordering between free-streaming and bounce-averaged pitch-angle scattering effects via an expansion in pitch-angle eigenfunctions. This maximal ordering leads to an integral form for the parallel heat flow that depends on temperature variations all along a magnetic field line. The sample heat flow calculation in Sec. IV showed that in nearly collisionless plasmas the heat flow is reduced by the trapped electron fraction. Furthermore, in collisional to moderately collisional plasmas, the heat flow is reduced both by trapped electrons and by the enhanced collisionality between trapped and passing electrons ͑see Fig. 4͒ . The results of this demonstration attest to the fact that the closure scheme outlined in this work provides a quantitative means for calculating parallel electron heat flow along inhomogeneous magnetic fields in simulations of high-performance toroidal fusion experiments. 
